Abstract. We construct an example of a Banach space which is not lush, but whose dual space is lush. This example shows that lushness is not equivalent to numerical index one. A characterization of lushness for some quotient spaces of L1(µ) spaces and new results on C-rich subspaces of (scalar-or vector-valued) C(K) spaces are also presented.
Introduction
Given a real or complex Banach space X, we write B X , S X , X * and L(X) to denote, respectively, the closed unit ball, the unit sphere, the topological dual and the Banach algebra of bounded linear operators on X. T denotes the set of modulus one scalars. For a bounded subset A of X, x * ∈ S X * and ε > 0, we write S(A, x * , ε) to denote the open slice S(A, x * , ε) = {x ∈ S X : Re x * (x) > sup Re x * (A) − ε}.
If B is a subset of X, we write aconv(B) for the absolutely convex hull of B. Finally, we denote by ext(C) the set of extreme points of the convex subset C ⊂ X.
Definition 1.1 ([4, Definition 2.1])
. A Banach space X is lush if for every x, y ∈ S X and every ε > 0, there is a slice S = S(B X , x * , ε) with x * ∈ S X * such that
x ∈ S and dist (y, aconv(S)) < ε.
Lushness was recently introduced in [4] as a geometrical property of a Banach space which ensures that the space has numerical index one. We recall that a Banach space X is said to have numerical index 1 if the equality T = sup{|x * (T x)| : x ∈ S X , x * ∈ S X * , x * (x) = 1} holds for every operator T ∈ L(X) or, equivalently (see [7] ), for every operator T ∈ L(X) there is ω ∈ T such that Id + ω T = 1 + T . We refer the reader to the survey paper [9] for more information and background on numerical index.
Lushness was used in [4] to show that there is a Banach space having numerical index one whose dual space does not share this property, a long standing open question in the theory of numerical indices. It has been also used recently to construct a Banach space whose Lie-algebra is trivial but the Lie-algebra of its dual is infinite-dimensional [15] . Also, lushness helps to estimate the polynomial numerical index of some spaces in [6, 13] and it allows to show that every separable Banach space containing c 0 can be equivalently renormed to have numerical index one [3] . Some examples of lush spaces are L 1 (µ)-spaces and their isometric preduals, including C(K) spaces, function algebras and finite-codimensional subspaces of C[0, 1]. For more information and background on lush spaces we refer the reader to the already cited [4] and to [3, 8] .
The concept of numerical index one is difficult to manage, since its definition needs to deal with all operators on the space and we do not know of any geometrical characterization. There are in the literature several geometrical sufficient conditions for numerical index one, the weakest of all of them is lushness (see [3, §2] and [8, §1] for a detailed account). Among the advantages of the concept of lushness is that it is separably determined, stable by ultraproduct and stable by taking "reasonable" finite unconditional sums [3] , and it is not known whether these results are true for Banach spaces with numerical index one. It is known that lushness is equivalent to numerical index one for Asplund spaces and for spaces with the Radon-Nikodým property (see [3, §2] ) and, even more, for the so-called slicely countably determined Banach spaces [1] , a class of spaces recently introduced which includes spaces not containing a copy of 1 .
It has been even asked in [9, Problem 15] whether every Banach space with numerical index one is lush. The main result of this paper is to show that this is not the case. Actually, we provide an example of a Banach space X which is not lush, but whose dual space is lush. Since when the dual space has numerical index one so does the space, the same example shows that lushness is not equivalent to numerical index one. This is the content of section 4. To do so, we characterize in section 3 a family of quotient spaces of L 1 (µ) which are lush. Finally, some new results on C-rich subspaces of (scalar or vectorvalued) C(K) spaces are also obtained. Namely, in section 5 we show that if E is a lush space, then C(K, E) is lush in both real and complex cases and, in the real case, the same is true for every C-rich subspace of C(K, E); in section 6 we show that a subspace X of a real C(K) space with K perfect is C-rich if (and only if) every subspace of C(K) containing X is lush.
We start our exposition with some characterizations of lushness collected in section 2.
On some reformulations of lushness
The first result we are going to present is a slight modification of [3, Theorem 4.1] and gives a reformulation of lushness only in terms of the space. The modification follows from the immediate idea that in the definition of lushness (Definition 1.1) nothing changes if we allow y to be in the unit ball instead of being in the unit sphere. We recall that a subset G of the unit ball of the dual of a Banach space X is said to be norming for X if x = sup{|φ(x)| : φ ∈ G} for every x ∈ X and G is rounded if TG = G. Proposition 2.1. Let X be a Banach space and G ⊂ S X * be a norming rounded subset. Then, the following are equivalent:
(ii) R In the real case: for every x ∈ S X , y ∈ B X and ε > 0, there exist λ 1 , λ 2 0, λ 1 + λ 2 = 1 and x 1 , x 2 ∈ B X such that
(ii) C In the complex case: For every x ∈ S X , y ∈ B X , n ∈ N and ε > 0, there exist λ 1 , . . . , λ n 0, n k=1 λ k = 1 and x 1 , . . . , x n ∈ B X such that
For every x ∈ S X , y ∈ B X and for every ε > 0, there is x * ∈ G such that x ∈ S = S(B X , x * , ε) and dist (y, aconv(S)) < ε.
Proof. In the definition of lushness, given x and y in S X , we build a slice S such that x ∈ S and dist (y, aconv(S)) < ε. But, of course, dist (αy, aconv(S)) < ε for every α ∈ [0, 1], i.e. from the very beginning we could take an arbitrary y ∈ B X instead of y ∈ S X . With this in mind, we can follow the proof of [3, Theorem 4.1] to show that we can also take y ∈ B X in the assertions (ii) R , (ii) C and (iii). This is exactly our statements.
In the separable case, it is possible to give another characterization of lushness only in terms of the dual space. Let us comment that it is an easy reformulation of [8, Theorem 4.3]. Proposition 2.2. For a separable Banach space X, the following are equivalent:
(ii) There is a norming subsetK ⊂ ext(B X * ) such that for every x * 1 ∈K and for every x * 2 ∈ S X * there is θ ∈ T such that x * 1 + θx * 2 = 2.
Proof. By [14, Theorem 2.1] the property ofK in condition (ii) is equivalent to Let us finish the section with another reformulation of lushness only valid in the real case which appeared in [9, pp. 164] without proof. We do not know of any complex analogue of this result. Proposition 2.3. Let X be a real Banach space. Then, the following are equivalent:
(i) X is lush, (ii) for every x ∈ S X , y ∈ B X and every ε > 0, there are z ∈ S X , γ 1 , γ 2 ∈ R with |γ 1 − γ 2 | = 2, such that
Proof. (i) ⇒ (ii)
. Given x ∈ S X , y ∈ B X and ε > 0, we use the definition of lushness (actually Proposition 2.1) to take x * ∈ S X * , λ ∈ [0, 1], and
Now, it is easy to check that z = x 1 + x 2 x 1 + x 2 , γ 1 = 2 − 2λ, and γ 2 = −2λ fulfill the desired conditions.
(ii) ⇒ (i). Fixed x ∈ S X , y ∈ B X and 0 < ε < 1, we take 0 < δ < ε/2 satisfying
By hypothesis, we may find γ 1 , γ 2 ∈ R and z ∈ S X such that
On the other hand, using the fact that y + γ 1 z − γ 2 z − y = 2, we obtain 1 − δ y + γ 1 z 1 + δ and 1 − δ y + γ 2 z 1 + δ. We define x 1 = y + γ 1 z y + γ 1 z and x 2 = −y − γ 2 z y + γ 2 z and, using (1) and the fact that y + γ 1 z x 1 + y + γ 2 z x 2 = 2z, we deduce that
which implies
Finally, if γ 1 > 0 and γ 2 < 0, we have that
2 1 − y + γ 2 z < δ < ε, and analogously if γ 1 < 0 and γ 2 > 0. Otherwise, there is i ∈ {1, 2} such that |γ i | δ and then
3. Lushness for some quotient spaces of
The aim of this section is to characterize some quotient spaces of L 1 (µ) which are lush. The construction uses duality argument, so we start with some statements about L ∞ (µ).
We recall that a subspace X of a C(K) space is said to be C-rich Considering an L ∞ (Ω, Σ, µ) space as a C(K µ ) space (where K µ is the space of maximal ideals of the Banach algebra L ∞ ), the above definition applies to subspaces of L ∞ (Ω, Σ, µ). The following easy lemma gives a characterization of C-richness of a subspace of L ∞ (Ω, Σ, µ) in terms of the L ∞ space itself.
Lemma 3.1. Let (Ω, Σ, µ) be a measure space and let X be a subspace of L ∞ (Ω, Σ, µ) ∼ = C(K µ ). If for every subset U ∈ Σ + and every ε > 0 there is a function h ∈ L ∞ (Ω, Σ, µ) of norm 1 with supp(h) ⊂ U and dist(h, X) < ε, then X is C-rich.
Proof. Observe that C-richness in C(K µ ) requires to find, for each open subset U of K µ , a certain continuous function with support inside U , and the condition of the lemma only requires this for clopen subsets (this follows from the construction of K µ ). Since K µ is extremally disconnected, each non-void open set contains a non-void clopen set, which proves the lemma.
Recall that ext(B L∞(Ω,Σ,µ) ) is the set of measurable functions on Ω which take almost everywhere modulus-one values. We call such functions "modulus-one functions".
We are now able to present the main result of this section.
Proof. Let us first observe that X is separable since L 1 is. Now, if G is a norming subset of S X * , thenK = G evidently satisfies condition (ii) of Proposition 2.2 and X is lush. Conversely, suppose X is lush and letK ⊂ X * = Y ⊥ be the norming subset from Proposition 2.2.(ii). Let us prove for every f ∈K the condition |f | = 1 a.e., which will ensure that G ⊃K and, consequently, that G is norming for X. Assume to the contrary that for some f ∈K there exists ε > 0 such that the set A = {t ∈ Ω : |f (t)| < 1 − ε} has positive measure. Since Y ⊥ is C-rich in L ∞ , there is g ∈ S Y ⊥ such that |g(t)| < ε for almost every t ∈ Ω \ A. Then, the set {t ∈ Ω : |f (t)| + |g(t)| > 2 − ε} has measure zero and, therefore, f + θg < 2 − ε for every θ ∈ T, which contradicts the definition ofK.
The main example
Let us present the announced construction of a non lush space whose dual is lush. For a fixed dense countable subset
as follows:
Observe that for every g ∈ L ∞ [0, 1] one has
so J is a weakly compact operator mapping every modulus-one function from L ∞ [0, 1] into a norm-one element of L ∞ [1, 2] . Finally, denote
is a Banach space which is not lush, but whose dual X * = Z is lush.
Proof. At first remark that Z can be written as the set of those h ∈ L ∞ [0, 2], for which the system of linear equations
is valid. Since the left-hand and right-hand sides of all these equations are weak * continuous, the solution of the system is a weak * -closed linear subspace.
To demonstrate C-richness of Z, let us fix a subset A ⊂ [0, 2] of positive measure and ε > 0. There are two (not mutually excluding) cases.
is also weakly compact, so for every ε > 0 there is a g ∈ S L∞(A∩[0,1]) with Jg < ε/2, so an element g + 2J(g) ∈ Z is the element whose distance from g is less than ε. Case 2: λ(A ∩ [1, 2]) > 0. In this case there is n ∈ N for which λ(A ∩ ∆ n ) > 0. One can evidently find f ∈ S L∞(A∩∆n) with ∆n f dλ = 0. Then, we have f ∈ F ⊂ Z and supp(f ) ⊂ A, which completes the proof of C-richness.
Finally, assume for the sake of contradiction that Z contains a modulus-one function h = g + 2J(g) + f where g ∈ L ∞ [0, 1] and f ∈ F. Since the supports of J(g) and f lie in [1, 2] , g is a modulus-one function on [0, 1] . By definition of J, this means that
so there is an n ∈ N for which
Consequently,
which is a contradiction. This shows, using Theorem 3.2, that X is not lush. We now enunciate other properties of the space X constructed in the above theorem.
Remarks 4.2. Let X be the space constructed in Theorem 4.1.
(a) X has numerical index one but it is not lush. This solves in the negative [9, Problem 15] . Indeed, since X * is lush, it follows that X * has numerical index one [4, Proposition 2.1] and so does X (see [9, §2] , for instance). (b) It was asked in [9, Problem 13] and in [4, Remark 3.5], whether for every Banach space E with numerical index one, the subset of S E * given by
A(E) = {x * ∈ S E * : |x * * (x * )| = 1 for every x * * ∈ ext(B E * * )} is norming for E. Since this condition implies lushness of E [3, Theorem 2.1], we have that A(X ) is not norming and our space X answers in the negative the cited question. (c) Even more, the set A(X ) is empty. Indeed, if x * ∈ A(X ), it is clear (using the Krein-Milman theorem for B X * * ) that for every y * ∈ S X * there is θ ∈ T such that x * + θy * = 2 (see [14, Theorem 2.1] for instance). Now, since X * = Z is a C-rich subspace of L ∞ [0, 2], it follows that x * is a modulus-one function on [0, 2] (see the proof of Theorem 3.2). But Z does not contain any of such functions as it is proved in Theorem 4.1.
Let X be a Banach space. We have shown here that lushness of X * does not imply lushness of X. Also, lushness of X does not imply lushness of X * nor lushness of X * * (just consider X as the lush space presented in [3, Example 3.1] such that X * and X * * do not have numerical index one). Therefore, the following result gives the unique true implication between the lushness of a space and lushness of the dual or of the bidual. Proposition 4.3. Let X be a Banach space. If X * * is lush, then X is lush.
Proof. We fix x, y ∈ S X and ε > 0. Since X * * is lush and S X * ⊂ S X * * * is norming for X * * , Proposition 2.1.(iii) allows us to find z * ∈ S X * such that x ∈ S(B X * * , z * , ε) and dist y, aconv S(B X * * , z * , ε) < ε.
The first assertion above obviously implies that x ∈ S(B X , z * , ε). The second assertion is equivalent to y ∈ aconv S(B X * * , z * , ε) + ε B X * * and so, since aconv S(B X , z * , ε) is weak * -dense in aconv S(B X * * , z * , ε) and ε B X is weak * -dense in ε B X * * , we have
Since y ∈ X, we can replace the weak * -closure above by weak closure, and so by norm closure by convexity, to get dist y, aconv S(B X , z * , ε) < ε.
Lushness in vector-valued C(K) spaces
Our first goal in this section is to show that lushness of the range space passes to every space of continuous functions. Let us comment that this result is known for Banach spaces with numerical index one [16, Theorem 5] .
Proposition 5.1. Let E be a lush Banach space and K be a Hausdorff compact. Then, the (real or complex) space C(K, E) is also lush.
Proof. We work only in the more difficult complex case, the real case being completely analogous. According to Proposition 2.1, it is enough to show that for every f ∈ S C(K,E) , g ∈ B C(K,E) , n ∈ N and ε > 0, there exist λ 1 , . . . , λ n 0, n k=1 λ k = 1 and f 1 , . . . , f n ∈ B C(K,E) such that:
Since f = 1, we can find t 0 ∈ K such that f (t 0 ) = 1. So, we apply again Proposition 2.1 to x = f (t 0 ) ∈ S E and y = g(t 0 ) ∈ B E . Then, we get x 1 , . . . , x n ∈ B E and λ 1 , . . . , λ n 0, n k=1 λ k = 1, such that
Since g is continuous on K, we may find an open set U ⊂ K such that t 0 ∈ U and
and a continuous function α : K −→ [0, 1] with α(t 0 ) = 0 and α| K\U ≡ 1. If we define
then the functions f k satisfy conditions (2) and (3). Indeed, the fulfilment of (2) follows by just evaluating at t 0 . For the second inequality, we consider an arbitrary t ∈ K and we observe that
Now, if t ∈ U , we have g(t) − g(t 0 ) ε 2 and so
If, otherwise, t / ∈ U , then α(t) = 1 and so
The following definition follows the spirit of [2, Proposition 4.2] and it was stated in [5, Definition 2.3]. Recall that for α ∈ C(K) and x ∈ E, α ⊗ x ∈ C(K, E) denotes the function t −→ α(t)x. Definition 5.2. Let K be a compact space and let E be a Banach space. A subspace X of C(K, E) is called C-rich if for every ε > 0, every x ∈ E and every open subset U of K, there exists a nonnegative function α ∈ C(K) with α = 1 and supp(α) ⊂ U such that dist(α ⊗ x, X) < ε.
The next result shows that C-rich subspaces are lush also in the vector-valued case. Since we will use Proposition 2.3, the proof is valid in the real case only. Proposition 5.3. Let E be a lush real Banach space and K be a Hausdorff compact space. Then, every C-rich subspace X of C(K, E) is also lush.
Proof. We fix f ∈ S X , g ∈ B X and 0 < ε < 1, and we find t 0 ∈ K such that f (t 0 ) = 1. Since E is lush, we may use Proposition 2.3 to find z ∈ S X , γ 1 , γ 2 ∈ R with |γ 1 − γ 2 | = 2 such that f (t 0 ) + z 2 − ε/5 and g(t 0 ) + γ i z 1 + ε/5. We also take an open subset U of K containing t 0 such that
As X is C-rich, we may find a nonnegative norm-one α ∈ C(K) and h ∈ S X such that
Let us show that h, γ 1 and γ 2 fulfil the conditions of Proposition 2.3, i.e.
Indeed, for the first inequality we take t 1 ∈ U such that α(t 1 ) = 1 and observe that
To deal with the second inequality, we observe that
If t / ∈ U , α(t) = 0 and so g(t) + γ i h(t) 1 + 3ε/5 1 + ε. If t ∈ U , we have
A characterization of C-rich subspaces of real C(K) in terms of lushness
In [12] a general notion of richness, generated by the Daugavet property was introduced. We recall that a Banach space X has the Daugavet property whenever Id + T = 1 + T for every rank-1 operator T ∈ L(X) [11] . If X is a Banach space with the Daugavet property, we say that a subspace Y of X is said to be wealthy if every subspace Z ⊂ X containing Y has the Daugavet property. This concept was introduced in [12, §5] and it is equivalent to a concept of richness also introduced in the same paper [12, §5] . It is shown in [12] that all finite-codimensional subspaces of a space X with the Daugavet property are wealthy, and moreover, if X/Y does not contain copies of 1 , or if X/Y has the RNP, then Y is wealthy. If K is a perfect compact space, wealth is equivalent to C-richness for subspaces of C(K) [12] .
Following these ideas, one can introduce an analogous concept for lushness.
Definition 6.1. Let X be a lush Banach space. A subspace Y of X is said to be lushwealthy if every subspace Z ⊂ X containing Y is lush.
The aim of this section is to show that for subspaces of real C(K) spaces with K perfect, lush-wealth is equivalent to C-richness. The proof of this result uses Proposition 2.3 which is only valid for real Banach spaces. We need the following preliminary result. We write S 1 = {(α, β) ∈ R 2 : α 2 + β 2 = 1}. Lemma 6.3. Let K be a perfect compact space and let V be an open subset.
(a) There is φ : K −→ S 1 surjective and continuous such that φ(K \ V ) = {(1, 0)}. (b) Therefore, if we write φ(t) = (f (t), g(t)) for every t ∈ K, then f, g ∈ C(K) satisfy
Proof. (a). If V is clopen in K, then it is a perfect compact space and so there is an onto continuous function ψ : V −→ S 1 (see [17, Theorem 8.5 .4]) and we may define φ to be φ| V = ψ and φ| K\V = (1, 0). Otherwise, V is not closed and so the quotient space K of K obtained by identifying all points of K \ V is perfect and we may find ψ : K −→ S 1 onto and continuous and, rotating if needed, we may suppose that K \ V is mapped to the point (1, 0). Now, φ is just the composition of the quotient map K −→ K and ψ.
(b). Since φ(V ) = S 1 and [αf + βg](t) = (α, β) | (f (t), g(t)) for every t ∈ K and every α, β ∈ R, assertions (b1) and (b2) follow easily. The fulfilment of (b3) is straightforward. Conversely, we assume that Y is lush-wealthy and we start with the following claim.
Claim: Given ε > 0 and an open set V ⊂ K, we can find c ∈ R and y ∈ Y so that
Proof of the Claim. We use Lemma 6.3 to get f, g ∈ C(K) fulfilling (b1), (b2) and (b3), and we consider the space X = lin{Y, f, g} which is lush by hypothesis. Therefore, fixed δ > 0 such that (4) 0 < δ < 1 1000
and 100(1 + ε)δ < ε, we may use Proposition 2.3 to get that there exist h ∈ S X and γ 1 , γ 2 ∈ R such that
Since g| K\V ≡ 0, there is t 0 ∈ V satisfying |g(t 0 ) + h(t 0 )| > 2 − δ 2 and so
Next, we observe that (b1) gives us that g ± δf = (1 + δ 2 ) 1/2 and, therefore,
This, together with (5), tells us that
so we obtain |γ i | < 1+δ 1−δ < 1 + 3δ for i = 1, 2 and, using the fact that |γ 1 − γ 2 | = 2, we deduce that |γ 1 |, |γ 2 | ∈ [1 − 3δ, 1 + 3δ] and γ 1 γ 2 < 0. Using this and (5) again, we get (6) f − h 1 + δ 2 + 3δ 1 + 4δ and f + h 1 + 4δ.
Therefore, given t ∈ K \ V , we have that
which implies |h(t)| 4δ. Since h ∈ X, there exist α, β ∈ R and x ∈ Y satisfying h = x + αf + βg, and thus
Henceforth, if we show that
the proof of the claim will be finished by just taking y = 25(1 + ε)x and c = 25(1 + ε)α.
In order to prove (7), on the one hand we observe that, by (b2), we have
We are now going to estimate the distance between (x + α1)| V and (α 2 + β 2 ) 1/2 . To do so, we call
we observe that
and we use (6) to get 2(1 + 4δ)
Besides, using conditions (b1) and (b2) it is easy to show that
Hence, we deduce that To finish the proof, we fix ε > 0 and an open set U ⊂ K, and we observe that it is enough to find a function y ∈ S Y with y| U = 1 and with modulus smaller than ε on K \ U . To find this function, we consider two open subsets V 1 , V 2 contained in U such that V 1 ∩ V 2 = ∅ and we use the claim to find c 1 , c 2 ∈ R and y 1 , y 2 ∈ Y satisfying is the function we are looking for. Therefore, we may assume without loss of generality that 0 < |c 1 | |c 2 | and we take the function y = y 1 − Therefore, y = y| V 1 1 and so the function y = y y ∈ S Y satisfies y| K\U y| K\U ε and y| U = 1.
We would like to remark that, outside of this result, lush-wealth differs strongly from wealth. For example, one can show that no one-codimensional subspace of L 1 [0, 1] is lush (this is not trivial!), and so L 1 [0, 1] does not have at all any proper lush-wealthy subspace.
